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GROUP ALGEBRAS ACTING ON Lp-SPACES
EUSEBIO GARDELLA AND HANNES THIEL
Abstract. For p ∈ [1,∞) we study representations of a locally compact
group G on Lp-spaces and QSLp-spaces. The universal completions F p(G)
and F p
QS
(G) of L1(G) with respect to these classes of representations (which
were first considered by Phillips and Runde, respectively), can be regarded
as analogs of the full group C∗-algebra of G (which is the case p = 2).
We study these completions of L1(G) in relation to the algebra F p
λ
(G) of
p-pseudofunctions. We prove a characterization of group amenability in terms
of certain canonical maps between these universal Banach algebras. In partic-
ular, G is amenable if and only if F p
QS
(G) = F p(G) = F p
λ
(G).
One of our main results is that for 1 ≤ p < q ≤ 2, there is a canonical map
γp,q : F p(G) → F q(G) which is contractive and has dense range. When G is
amenable, γp,q is injective, and it is never surjective unless G is finite. We use
the maps γp,q to show that when G is discrete, all (or one) of the universal
completions of L1(G) are amenable as a Banach algebras if and only if G is
amenable.
Finally, we exhibit a family of examples showing that the characterizations
of group amenability mentioned above cannot be extended to Lp-operator
crossed products of topological spaces.
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1. Introduction
In this paper, we study representations of a locally compact group G on certain
classes of Banach spaces, as well as the corresponding completions of the group
algebra L1(G). More specifically, for each p ∈ [1,∞), we consider the class Lp
of Lp-spaces; the class SLp of closed subspaces of Banach spaces in Lp; the class
QLp of quotients of Banach spaces in Lp by closed subspaces; and the class QSLp
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of quotients of Banach spaces in SLp by closed subspaces (Definition 2.5). We
denote the corresponding universal completions of L1(G) by F p(G), F pS (G), F
p
Q(G)
and F pQS(G), respectively; see Notation 2.8.
We also study the algebra F pλ (G) of p-pseudofunctions on G. This is the Banach
subalgebra of B(Lp(G)) generated by all the operators of left convolution by func-
tions in L1(G). Equivalently, F pλ (G) is the closure of the image of the left regular
representation λp : L
1(G) → B(Lp(G)). This algebra was introduced by Herz in
[Her73], where F pλ (G) was denoted PFp(G) (see also [NR09]).
The fact that L1(G) has a contractive approximate identity implies that there
exist canonical isometric isomorphisms
L1(G) ∼= F 1λ(G)
∼= F 1(G) ∼= F 1S (G)
∼= F 1Q(G)
∼= F 1QS(G);
see Proposition 2.11 and Remark 2.12. However, for p 6= 1, the existence of a canon-
ical (not necessarily isometric) isomorphism between any of the algebras F p(G),
F pS (G), F
p
Q(G) or F
p
QS(G), and the algebra F
p
λ (G), is equivalent to amenability of
G; see Theorem 3.7. For p = 2, the algebra F 2(G) is the full group C∗-algebra of
G, usually denoted C∗(G).
Using an extension theorem of Hardin, we show that for p /∈ {4, 6, 8, . . .} and
q /∈ { 43 ,
6
5 ,
8
7 , . . .}, and regardless of G, there are canonical isometric isomorphisms
F pS (G)
∼= F p(G) and F
q
Q(G)
∼= F q(G).
A consequence of the existence of such isomorphisms is that, for 1 ≤ p ≤ q ≤ 2
and for 2 ≤ r ≤ s <∞, there are canonical, contractive homomorphisms
γp,q : F
p(G)→ F q(G) and γs,r : F
s(G)→ F r(G)
with dense range; see Theorem 2.30. This can be interpreted as saying that the
algebras F p(G) form a ‘continuous interpolating family’ of Banach algebras between
the group algebra F 1(G) = L1(G) and the full group C∗-algebra F 2(G) = C∗(G).
When G is amenable, our results recover, using different methods, a result an-
nounced by Herz as Theorem C in [Her71], and whose proof appears in the corollary
on page 512 of [HR72]. Furthermore, in this case, we show that for 1 ≤ p < q ≤ 2
or 2 ≤ q < p <∞, the map γp,q : F
p(G)→ F q(G) is injective, and that it is never
surjective unless G is finite; see Corollary 3.20.
Another application of Theorem 2.30 is as follows: when G is discrete, amenabil-
ity of any of the Banach algebras F p(G), F pS (G), F
p
Q(G) or F
p
QS(G), is equivalent
to amenability of G; see Theorem 3.11. The cases p = 1 and p = 2 of this theorem
are well-known, the first one being due to B. Johnson [Joh72], and holding even if
G is not discrete.
A partial summary of our results on characterization of group amenability is as
follows. (The equivalence between (1) and (2) below, specifically for Lp-spaces, was
independently obtained by Phillips, whose methods are inspired in C∗-algebraic
techniques.)
Theorem. Let G be a locally compact group and let p ∈ (1,∞). Consider the
following statements:
(1) The group G is amenable.
(2) The canonical map from each of the algebras F p(G), F pS (G), F
p
Q(G), or
F pQS(G), to F
p
λ (G), is an isometric isomorphism.
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(3) The canonical map from any of the algebras F p(G), F pS (G), F
p
Q(G), or
F pQS(G), to F
p
λ (G), is a (not necessarily isometric) isomorphism.
(4) The algebras F p(G), F pS (G), F
p
Q(G), and F
p
QS(G), are amenable.
(5) At least one of F p(G), F pS (G), F
p
Q(G), or F
p
QS(G), is amenable.
Then (1) ⇔ (2) ⇔ (3) ⇒ (4) ⇒ (5). If G is discrete, then all five statements are
equivalent.
Finally, we show in Theorem 4.3 that the theorem above, particularly the impli-
cations ‘(2) ⇒ (1)’ and ‘(4) ⇒ (1)’, cannot be generalized to Lp-crossed products
of discrete groups acting on algebras of the form C0(X), for some locally compact
Hausdorff space X .
Further connections between G and F pλ (G) will be explored in [GT14c]; functori-
ality properties of F pλ (G) (and those of the universal completions of L
1(G) discussed
above) are studied in [GT14b]; and applications of the results in this paper are given
in [GT14a].
We have made the effort of not adopting any cardinality assumptions (σ-finiteness
of measures, second-countability or σ-compactness of groups, or separability of Ba-
nach spaces) whenever possible. This implies considerable additional work when
showing the existence of the maps γp,q : F
p(G) → F q(G); see Theorem 2.30. In-
deed, some of the techniques for dealing with Lp-spaces require the involved measure
spaces to be σ-finite (as is the case with Hardin’s theorem). In order to directly
apply such techniques, one has to restrict to second-countable (or sometimes σ-
compact) locally compact groups. However, one can often reduce a problem about
a locally compact group G to second-countable locally compact groups by applying
the following two steps: First, G is the union of open, σ-compact subgroups. Sec-
ond, by the Kakutani-Kodaira Theorem, every σ-compact, locally compact group
H contains an arbitrarily small compact, normal subgroup N such that H/N is
second-countable. This technique is for instance used to prove Theorem 2.26.
All locally compact groups will be endowed with their left Haar measure. We
take N = {1, 2, . . .}. For n in N and p ∈ [1,∞], we write ℓpn in place of ℓ
p({1, . . . , n}),
and we write ℓp in place of ℓp(Z).
Let E be a Banach space. We write E1 for the unit ball of E and E
′ for its
dual space. If F is another Banach space, we denote by B(E,F ) the Banach space
of all bounded linear operators E → F , and write B(E) in place of B(E,E). We
denote by Isom(E) the subset of B(E) consisting of invertible isometries. (In this
paper, invertible isometries will always be assumed to be surjective.) The group
Isom(E) will be endowed with the strong operator topology. It is a standard fact
that Isom(E) is a Polish group whenever E is a separable Banach space. Moreover,
it is easy to check that if X is a topological (measurable) space, a function u : X →
Isom(E) is continuous (measurable) if and only if for every ξ ∈ E, the map X → E
given by x 7→ u(x)ξ for x ∈ X , is continuous (measurable).
For a bounded linear map ϕ : E → F , we will write ϕ′ : F ′ → E′ for its dual map.
For p ∈ (1,∞), we denote by p′ its conjugate (Ho¨lder) exponent, which satisfies
1
p +
1
p′ = 1.
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2. Universal completions of L1(G)
Let G be a locally compact group. We let L1(G) denote the Banach algebra of
complex-valued functions on G that are integrable (with respect to the left Haar
measure), with product given by convolution.
A representation of a Banach algebra A on a Banach space E is a contractive
homomorphism A→ B(E).
Definition 2.1. Let E be a class of Banach spaces. We denote by RepE(G) the
class of all non-degenerate representations of L1(G) on Banach spaces in E . Given
f in L1(G), set
‖f‖E = sup {‖π(f)‖ : π ∈ RepE(G)} .
(Note that the supremum exists, even if E is not a set.) Then ‖ · ‖E defines a
seminorm on L1(G). Set
IE =
{
f ∈ L1(G) : ‖f‖E = 0
}
=
⋂
π∈RepE (G)
ker(π),
which is a closed ideal in L1(G). We write FE (G) for the completion of L
1(G)/IE
in the induced norm.
Remark 2.2. Let G be a locally compact group, and let E be a class of Banach
spaces. Then the canonical map L1(G) → FE(G) is contractive and has dense
range. Moreover, it is injective if and only if the elements of RepE(G) separate
the points of L1(G), meaning that for every f ∈ L1(G) with f 6= 0, there exists
π ∈ RepE(G) such that π(f) 6= 0.
Definition 2.3. Let G be a locally compact group. An isometric representation of
G on a Banach space E is a continuous group homomorphism of G into the group
Isom(E) of invertible isometries of E, where Isom(E) is equipped with the strong
operator topology. Equivalently, an isometric representation of G is a strongly
continuous action of G on E via isometries.
The following result is folklore, and we omit its proof.
Proposition 2.4. Let G be a locally compact group and let E be a Banach space.
Then there is a natural bijective correspondence between nondegenerate contractive
representations L1(G)→ B(E) and isometric representations of G on E.
If ρ : G → Isom(E) is an isometric representation, then the induced nondegen-
erate contractive representation πρ : L
1(G)→ B(E) is given by
πρ(f)(ξ) =
∫
G
f(s)ρs(ξ) ds
for all f ∈ L1(G) and all ξ ∈ E, and it is called the integrated form of ρ.
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The following are the classes of Banach spaces that we are mostly interested in.
Definition 2.5. Let p ∈ [1,∞), and let E be a Banach space.
(1) We say that E is an Lp-space if there exists a measure space (X,µ) such
that E is isometrically isomorphic to Lp(X,µ).
(2) We say that E is an SLp-space if there is an Lp-space F such that E is
isometrically isomorphic to a closed subspace of F .
(3) We say that E is a QLp-space if there is an Lp-space F such that E is
isometrically isomorphic to a quotient of F by a closed subspace.
(4) We say that E is a QSLp-space if there is an SLp-space F such that E is
isometrically isomorphic to a quotient of F by a closed subspace.
We let Lp (respectively, SLp, QLp, QSLp) denote the class of all Lp-spaces (respec-
tively, SLp-spaces, QLp-spaces, QSLp-spaces).
Remarks 2.6. Let p ∈ [1,∞).
(1) If E is a separable Lp-space, then there exists a finite measure space (X,µ)
such that E is isometrically isomorphic to Lp(X,µ). One can also show that every
separable SLp-space is a subspace of a separable Lp-space, and analogously for
separable QLp-spaces and QSLp-spaces. See [GT14d].
(2) It is a routine exercise to check that if F is a closed subspace of a quotient
of an Lp-space E, then F is (isometrically isomorphic to) a quotient of a subspace
of E. It follows that the class QSLp coincides with the class of Banach spaces that
are isometrically isomorphic to a closed subspace of a QLp-space. (The latter is the
class that one would denote by SQLp.)
(3) Examples of Lp-spaces are Lp([0, 1]) with Lebesgue measure; ℓp with counting
measure; and ℓpn with counting measure, for n ∈ N. It is well-known that every
separable Lp-space is isometrically isomorphic to a countable p-direct sum of these.
In particular, up to isometric isomorphism, there are only countably many separable
Banach spaces in the class Lp. The classes SLp and QLp are much larger, as the
following result shows.
Proposition 2.7. Let p, q ∈ [1,∞).
(1) If p ≤ q ≤ 2, then SLp ⊇ Lq.
(2) If 2 ≤ r ≤ s, then Lr ⊆ QLs.
Proof. Let 1 ≤ p ≤ q ≤ 2. In Proposition 11.1.9 in [AK06] it is shown that the
space Lp([0, 1]) isometrically embeds into Lq([0, 1]). Essentially the same argument
can be used to prove part (1) as follows: Given an Lq-space E, it is clear that E is
finitely representable in ℓq. The assumptions on p and q ensure that ℓq is finitely
representable in ℓp. It follows that E is finitely representable on ℓp. Therefore, E is
isometrically isomorphic to a subspace of some ultrapower of ℓp. The result follows
since Lp is closed under ultrapowers. (See [Hei80] and [GT14d] for details.)
Part (2) can be deduced from part (1) using duality. 
Since we are mostly interested in the completions of L1(G) with respect to the
classes from Definition 2.5, we will use special notation for these.
Notation 2.8. Let p ∈ [1,∞), and let G be a locally compact group. We make
the following abbreviations:
F p(G) = FLp(G), F
p
Q(G) = FQLp(G),
F pS (G) = FSLp(G), F
p
QS(G) = FQSLp(G).
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Remarks 2.9. Let p ∈ [1,∞), and let G be a locally compact group.
(1) It is well known that every locally compact group G admits a faithful isomet-
ric representation on an Lp-space (namely, the left regular representation). It fol-
lows that the natural map from L1(G) to any of F p(G), F pS (G), F
p
Q(G) and F
p
QS(G)
is injective.
(2) Let E denote any of the classes Lp, SLp, QLp or QSLp. Since E is closed under
p-direct sums, it follows that that FE(G) is an E-operator algebra by the results
in [GT14d]. This means that there exists a Banach space E in E and an isometric
representation FE (G) → B(E). Moreover, E can be chosen such that the density
character of E is dominated by that of G; see [GT14d]. In particular, if G is second-
countable, then L1(G) is a separable Banach algebra and consequently FE(G) can
be isometrically represented on a separable Banach space in E .
(3) Group representations on QSLp-spaces have been studied by Volker Runde
in [Run05]. For a locally compact group G, he defined the algebra UPFp(G) of
universal p-pseudofunctions as follows. With π : L1(G) → B(E) denoting a con-
tractive, nondegenerate representation on a QSLp-space E with the property that
any other contractive, nondegenerate representation of L1(G) on a QSLp-space is
isometrically conjugate to a subrepresentation of π, the algebra UPFp(G) is the
closure of π(L1(G)) in B(E) (Definition 6.1 in [Run05]).
It is straightforward to check that there is a canonical isometric isomorphism
UPFp(G) ∼= F
p
QS(G).
Note that L2 is precisely the class of all Hilbert spaces. Since subspaces and
quotients of Hilbert spaces are again Hilbert spaces, we have QSL2 = QL2 = SL2 =
L2. This easily implies the following result.
Lemma 2.10. Let G be a locally compact group, and let f ∈ L1(G). Then
‖f‖QSL2 = ‖f‖QL2 = ‖f‖SL2 = ‖f‖L2.
It follows that there are canonical, isometric isomorphisms
F 2QS(G)
∼= F 2Q(G)
∼= F 2S (G)
∼= F 2(G).
The algebra F 2(G) is in fact a C∗-algebra, called the full group C∗-algebra of G,
and it is usually denoted C∗(G).
The universal completions from Notation 3.10 also agree when p = 1, in which
case they are all equal to L1(G):
Proposition 2.11. Let G be a locally compact group, and let f ∈ L1(G). Then
‖f‖QSL1 = ‖f‖QL1 = ‖f‖SL1 = ‖f‖L1 = ‖f‖1.
It follows that there are canonical, isometric isomorphisms
F 1QS(G)
∼= F 1Q(G)
∼= F 1S (G)
∼= F 1(G) ∼= L1(G).
Proof. Let us denote by λ1 : L
1(G) → B(L1(G)) the integrated form of the left
regular representation. Then λ1 is the action of L
1(G) on itself by left convolution.
Given f in L1(G), it is clear that ‖f‖L1 ≤ ‖f‖1. For the reverse inequality, let
(ed)d∈Λ be a contractive approximate identity for L
1(G). Then
‖λ1(f)‖ = sup
{
‖f∗ξ‖1
‖ξ‖1
: ξ ∈ L1(G), ξ 6= 0
}
≥ sup
d∈Λ
‖f ∗ ed‖1 = ‖f‖1,
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so ‖f‖1 ≤ ‖λ1(f)‖ = ‖f‖L1 ≤ ‖f‖1. It follows that the norms ‖ · ‖1 and ‖ · ‖L1
agree, and thus F 1(G) = L1(G).
Let E be any of the classes QSL1, SL1, or QL1. It follows from the paragraph
above that the composition L1(G) → FE (G) → F
1(G) equals the identity map on
L1(G). The canonical map FE(G) → F
1(G) is therefore isometric, and the result
follows. 
We will later show that for most values of p ∈ [1,∞), the algebras F pS (G),
F pQ(G), and F
p(G) are canonically isometrically isomorphic, regardless of G; see
Corollary 2.27. When G is amenable, we have F pQS(G) = F
p
S (G) = F
p
Q(G) = F
p(G),
regardless of p; see Theorem 3.7.
Remark 2.12. The proof of Proposition 2.11 also shows that the algebra of 1-
pseudofunctions F 1λ(G) on G (see Definition 3.1) is canonically isometrically iso-
morphic to L1(G) as well. However, for p > 1, the analogous result holds if and
only if G is amenable; see Theorem 3.7.
The following observation will allow us to define natural maps between the dif-
ferent universal completions.
Remark 2.13. Let E1 and E2 be classes of Banach spaces, and suppose that E1 ⊆
E2. Then
‖f‖E1 ≤ ‖f‖E2
for all f ∈ L1(G), and hence the identity map on L1(G) induces a canonical con-
tractive homomorphism FE2(G)→ FE1(G).
Notation 2.14. Let G be a locally compact group, and let p ∈ [1,∞). By
Remark 2.13, the inclusions Lp ⊆ SLp ⊆ QSLp and Lp ⊆ QLp ⊆ QSLp induce
canonical contractive homomorphisms between the corresponding universal com-
pletions. We summarize the induced maps in the following commutative diagram:
F pS (G) κpS
&&▲▲
▲▲
F pQS(G)
κpQS,S 88qqqq
κpQS,Q
&&▲▲
▲▲
F p(G).
F pQ(G)
κpQ
99rrrrr
We write κpQS for the composition κ
p
S ◦κ
p
QS,S, which also equals κ
p
Q ◦κ
p
QS,Q. Finally,
when the Ho¨lder exponent p is clear from the context, we will drop it from the
notation in the natural maps.
Notation 2.15. Let G be a locally compact group, and let p, q ∈ [1,∞). If p ≤
q ≤ 2, Proposition 2.7 implies that there is a canonical contractive homomorphism
κSLp,Lq : F
p
S (G)→ F
q(G)
with dense range. Likewise, for 2 ≤ r ≤ s, there is a canonical contractive homo-
morphism
κQLs,Lr : F
s
Q(G)→ F
r(G)
with dense range.
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2.1. Duality. Recall that if A is a complex algebra, its opposite algebra, denoted
by Aop, is the complex algebra whose underlying vector space structure is the same
as for A, and the product of two elements a and b in Aop is equal to ba. When
A is moreover a Banach (∗-)algebra, we take Aop to carry the same norm (and
involution) as A.
An anti-homomorphism ϕ : A → B between algebras A and B is a linear map
satisfying ϕ(ab) = ϕ(b)ϕ(a) for all a and b in A. Equivalently, ϕ is a homomorphism
A → Bop. Similar terminology and definitions apply to other objects such as
topological groups.
Lemma 2.16. Let G be a locally compact group. Then there is a canonical iso-
metric isomorphism L1(Gop) ∼= L1(G)op. Furthermore, if E is a class of Banach
spaces, then there is a canonical isometric isomorphism FE(G
op) ∼= FE(G)
op.
Proof. We fix a left Haar measure µ on G, and we denote by ν the right Haar
measure on G given by ν(E) = µ(E−1) for every Borel set E ⊆ G. Then ν is a left
Haar measure for Gop. It is immediate that inversion on G, when regarded as a
map (G,µ)→ (Gop, ν), is a measure-preserving group isomorphism. We denote by
∗ the operation of convolution on L1(G), and by ∗op the operation of convolution
on L1(Gop) (which is performed with respect to ν). Similarly, we denote by · the
product in G, and by ·op the product in G
op.
Given f and g in L1(Gop), and given s ∈ Gop, we have
(f ∗op g)(s) =
∫
G
f(t)g(t−1 ·op s) dν(t)
=
∫
G
f(t)g(s · t−1) dν(t)
=
∫
G
f(t−1)g(s · t) dµ(t)
= (g ∗ f)(s).
It follows that the identity map on L1(G) induces a canonical isometric anti-
isomorphism L1(Gop)→ L1(G), and the result follows.
The last claim is straightforward. 
Remark 2.17. We mention, without proof, two easy facts that will be used in
the proof of Proposition 2.18. First, if E is a class of Banach spaces, and G and
H are locally compact groups, then any isomorphism G→ H induces an isometric
isomorphism FE(H) → FE(G) (the argument is similar to, and simpler than, the
one used in the proof of Proposition 2.4 in [GT14b]). Second, with the same
notation, inversion on G defines an isomorphism G → Gop, so there are canonical
isomorphisms
FE (G) ∼= FE (G
op) ∼= FE(G)
op,
where the second isomorphism is the one given by Lemma 2.16.
Proposition 2.18. Let G be a locally compact group, let p ∈ (1,∞), and let p′ be
its conjugate exponent. Then there are canonical isometric isomorphisms
F pQS(G)
∼= F
p′
QS(G), F
p
Q(G)
∼= F
p′
S (G), and F
p(G) ∼= F p
′
(G).
GROUP ALGEBRAS ACTING ON Lp-SPACES 9
Proof. Let E be any class of Banach spaces, and denote by E ′ the class of those
Banach spaces that are dual to a Banach space in E . For π in RepE(G) and f in
L1(G), we have
‖(π(f))′‖ = ‖π(f)‖.
Since taking adjoints reverses multiplication of operators, it follows that the identity
map on L1(G) induces a canonical isometric isomorphism FE(G) ∼= FE′(G)
op. Upon
composing this isomorphism with the isomorphism FE′(G) ∼= FE′(G)
op described in
Remark 2.17, we obtain a canonical isometric isomorphism
FE(G) ∼= FE′(G).
To finish the proof, it is enough to observe that for p ∈ (1,∞), there are natural
identifications
(QSLp)′ = SQLp
′
= QSLp
′
, (QLp)′ = SLp
′
, (SLp)′ = QLp
′
, and (Lp)′ = Lp
′
.

2.2. Canonical maps F p(G)→ F q(G). In this subsection, we will construct, for
any locally compact group G, a natural contractive map F p(G) → F q(G) with
dense range, whenever 1 ≤ p ≤ q ≤ 2 or 2 ≤ q ≤ p <∞.
The construction of these maps takes considerable work, since Lq-spaces are
never Lp-spaces, except in trivial cases. However, it is often the case that an Lq-
space is a subspace of an Lp-space (see Proposition 2.7). To take advantage of
this fact, we need to study extensions of isometries from subspaces of Lp-spaces
to Lp-spaces; see Theorem 2.21. Our argument is based on ideas used by Hardin
([Har81]).
The following definition is due to Hardin.
Definition 2.19. Let (X,A, µ) be a σ-finite measure space, let p ∈ [1,∞) and let
f0 ∈ L
p(X,µ). Define the support of f0 to be
supp(f0) = {x ∈ X : f0(x) 6= 0} .
Note that supp(f0) is well-defined up to null sets. If F is a closed subspace of
Lp(X,µ), we say that f0 has full support in F if
µ (supp(f) \ supp(f0)) = 0
for all f ∈ F .
The following terminology and notations will be convenient.
Definition 2.20. Let F be a Banach space. We denote by Isom(F ) the group of
surjective, linear isometries of F , and we equip it with the strong operator topology.
In this topology, a net (ud)d∈Λ in Isom(F ) converges to u ∈ Isom(F ) if and only if
lim
d∈Λ
‖ud(ξ)− u(ξ)‖ = 0 for every ξ ∈ F . We call Isom(F ) the isometry group of F .
If F is a closed subspace of another Banach space F˜ , we let Isom(F˜ , F ) denote
the subgroup of Isom(F˜ ) consisting of those isometries that leave F invariant.
The next result asserts that if p is not a multiple of 2 greater than 2, then for
every separable SLp-space F , there exists an Lp-space F˜ containing F , such that
every invertible isometry on F can be extended to an invertible isometry on F˜ .
Note that this is stronger than the statement that every isometry on a separable
SLp-space can be extended to an isometry on some Lp-space.
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Theorem 2.21. Let p ∈ [1,∞) \ {4, 6, . . .}, and let F be a separable SLp-space.
Then there exists a separable Lp-space F˜ such that F is isometrically isomorphic
to a subspace of F˜ , and such that every surjective, linear isometry on F can be
extended to a surjective, linear isometry on F˜ . Moreover, the restriction map
ϕ : Isom(F˜ , F )→ Isom(F ),
is a surjective homeomorphism.
Proof. The statement is trivial for p = 2, since a closed subspace of a Hilbert space
is a Hilbert space itself. We may therefore assume that p ∈ [1,∞) \ {2, 4, 6, . . .}.
The proof in this case is based on the proof of Theorem 4.2 in [Har81], and we
use the same notation when possible. Since σ-algebras will play an important role,
they will not be omitted from the notation.
Let (X,A, µ) be a σ-finite measure space such that F can be identified with a
closed subspace of Lp(X,A, µ). We let Full(F ) denote the set of elements in F
that have full support in F . It follows from Lemma 3.2 in [Har81] that Full(F ) is
nonempty. Without loss of generality, we may assume that supp(f0) = X for every
f0 ∈ Full(F ).
Let f0 ∈ Full(F ). Set
Q(f0) =
{
f
f0
: f ∈ F
}
,
and let σ(Q(f0)) denote the smallest σ-algebra on X such that every function
in Q(f0) is measurable with respect to σ(Q(f0)). Hardin showed in the proof
of Lemma 3.4 in [Har81] that σ(Q(f0)) does not depend on the choice of f0 in
Full(F ). We will therefore write B for σ(Q(f0)), which equals σ(Q(g0)) for any
other g0 ∈ Full(F ). Since every element of Q(f0) is A-measurable, we clearly have
B ⊆ A.
It is not in general the case that the elements of Q(f0) are in L
p(X,B, µ).
Instead, we shall consider the measure |f0|
pµ on (X,B). If f ∈ F , then
‖f‖p =
(∫
X
|f |p dµ
) 1
p
=
(∫
X
∣∣∣ ff0 ∣∣∣p |f0|p dµ)
1
p
<∞.
It follows that Q(f0) is a subset of L
p (X,B, |f0|
pµ), and that the map
Df0 : F → L
p (X,B, |f0|
pµ)
given by Df0(f) =
f
f0
for f ∈ F , is an isometry. Set
F˜ = {f0h : h ∈ L
p (X,B, |f0|
pµ)} .
By the proof of Theorem 4.2 in [Har81], the space F˜ does not depend on the choice
of the element f0 of full support. Moreover, F is a subspace of F˜ and Df0 extends
to an isometric isomorphism F˜ → Lp (X,B, |f0|
pµ), which we also denote by Df0 .
Let u ∈ Isom(F ). We claim that u can be canonically extended to a surjective,
linear isometry u˜ on F˜ .
Set g0 = u(f0), which belongs to Full(F ) by Lemma 3.4 in [Har81]. Then u
induces a linear isometry v from the subspace Q(f0) of L
p (X,B, |f0|
pµ) to the
subspace Q(g0) of L
p (X,B, |g0|
pµ). The maps to be constructed are shown in the
following commutative diagram:
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F  u
((PP
PP
PP
PP
PP
PPP
PP
PP
//
u

Q(f0)  u
((PP
PPP
PPP
PPP
PP
v

F˜
Df0
∼=
//
u˜
✤
✤
✤
✤
✤
✤
✤ L
p(B, |f0|
pµ)
v˜
✤
✤
✤
✤
✤
✤
✤
F  u
((PP
PPP
PP
PP
PP
PPP
PP
P // Q(g0)  u
((PP
PPP
PPP
PPP
PP
F˜
Dg0
∼=
// Lp(B, |g0|pµ)
The constant function 1 = f0f0 belongs to Q(f0), and also to Q(g0). It is easy to
see that v satisfies v(1) = 1. Apply Theorem 2.2 in [Har81] to extend v uniquely
to a surjective, linear isometry v˜ on F˜ . The desired isometry u˜ is then given by
u˜ = D−1g0 ◦ v˜ ◦Df0 .
The claim is proved.
The assignment u 7→ u˜ defines an inverse ϕ to the restriction map, so ϕ is
surjective. It is clear that ϕ is a group homomorphism, and it is easy to see that ϕ
is continuous. It remains to show that ϕ−1 is continuous.
We first describe the elements in F˜ . Let n ∈ N and let ξ : Cn → C be a
measurable map. If f1, . . . , fn are elements of F , then the function
h = ξ
(
f1
f0
, . . . , fnf0
)
is B-measurable. Therefore, f0h is an element of F˜ whenever∫
|f0(x)h(x)|
p dµ(x) <∞.
It is not hard to check that elements of this form are dense in F˜ . Finally, if
u ∈ Isom(F ), then its unique extension u˜ to F˜ satisfies
u˜(f0h) = u(f0)ξ
(
u(f1)
u(f0)
, . . . , u(fn)u(f0)
)
.
It follows that the assignment u 7→ u˜(f0h), as a map Isom(F ) → F˜ , is measur-
able, and hence ϕ−1 is measurable.
Note that Isom(F ) and Isom(F˜ ) are Polish groups, since F and F˜ are separa-
ble Banach spaces. It follows that Isom(F˜ , F ) is a Polish group, being a closed
subgroup of Isom(F˜ ). Since ϕ−1 is a measurable group homomorphism between
Polish groups, it follows that ϕ−1 is continuous (see, for example, Theorem 9.10 in
[Kec95]). The proof is finished. 
Corollary 2.22. Let p ∈ [1,∞) \ {4, 6, . . .}. Then, the isometry group of every
separable SLp-space is topologically isomorphic to a closed subgroup of the isometry
group of a separable Lp-space.
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Question 2.23. Does Corollary 2.22 also hold in the nonseparable case? That is,
is the the isometry group of every SLp-space topologically isomorphic to a closed
subgroup of the isometry group of an Lp-space?
We now turn to the construction of the maps F p(G) → F q(G). When G is
second countable, their existence follows easily from the next corollary. For general
G, however, said corollary will be used as the base case of an induction argument,
the inductive step being Lemma 2.25.
Corollary 2.24. Let p ∈ [1,∞) \ {4, 6, . . .}, let G be a second-countable, locally
compact group, and let f ∈ L1(G). Then ‖f‖SLp = ‖f‖Lp.
Proof. Since Lp ⊆ SLp, we have ‖f‖Lp ≤ ‖f‖SLp; see also Remark 2.13. By (2) in
Remarks 2.9, there exist a separable SLp-space E and an isometric group represen-
tation ρ : G→ Isom(E) such that, with π : L1(G)→ B(E) denoting the integrated
form of ρ, we have
‖f‖SLp = ‖π(f)‖.
By Theorem 2.21, there exist an Lp-space E˜ containing E as a closed subspace,
and a topological group isomorphism
ϕ : Isom(E)→ Isom(E˜, E).
Consider the isometric group representation of G on E˜ given by
ρ˜ = ϕ ◦ ρ : G→ Isom(E˜, E) ⊆ Isom(E˜).
Let π˜ : L1(G)→ B(E˜) be the integrated form of ρ˜.
It is easy to see, using that ρ˜(s) leaves E invariant for every s ∈ G, that π˜(f)
leaves E invariant as well. Using this at the second step, we get
‖π(f)‖ = sup {‖π(f)ξ‖p : ξ ∈ E, ‖ξ‖p ≤ 1}
≤ sup
{
‖π˜(f)ξ‖p : ξ ∈ E˜, ‖ξ‖p ≤ 1
}
= ‖π˜(f)‖.
Therefore,
‖f‖SLp = ‖π(f)‖ ≤ ‖π˜(f)‖ ≤ sup {‖τ(f)‖ : τ ∈ RepG(L
p)} = ‖f‖Lp,
as desired. 
Lemma 2.25. Let p ∈ [1,∞) \ {4, 6, . . .}, let G be a σ-compact, locally compact
group, and let f ∈ L1(G). Then ‖f‖SLp = ‖f‖Lp.
Proof. We may assume that ‖f‖1 ≤ 1. As in the proof of Corollary 2.24, we have
‖f‖Lp ≤ ‖f‖SLp. Let us show the reverse inequality. By (2) in Remarks 2.9, there
exists a SLp-space E and an isometric group representation ρ : G→ Isom(E) whose
integrated form π : L1(G)→ B(E) satisfies
‖f‖SLp = ‖π(f)‖.
Let ε > 0. Choose ξ0 in E with ‖ξ0‖ = 1 such that
‖π(f)ξ0‖ ≥ ‖π(f)‖ −
ε
2 .(1)
Since ρ is continuous, there exists an open neighborhood V of the identity element
e in G such that ‖ρ(s) − idE‖ <
ε
2 for every s ∈ V . By the Kakutani-Kodaira
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Theorem (see, for example, [HR79, Theorem 8.7, p.71]), there exists a compact,
normal subgroup N of G such that N ⊆ V and such that G/N is second-countable.
We consider the fixed point subspace of E for the (restricted) action of N on E:
EN = {ξ ∈ E : ρ(s)ξ = ξ for all s ∈ N}.
With µ denoting the normalized Haar measure on N , define an averaging map
PN : E → E
N by
PN (ξ) =
∫
N
ρ(s)ξ dµ(s)
for all ξ ∈ E. Then PN is contractive and linear.
For every η in E with ‖η‖ ≤ 1, we have
‖PN(η) − η‖ =
∥∥∥∥∫
N
(ρ(s)η − η) dµ(s)
∥∥∥∥ ≤ ∫
N
‖ρ(s)− idE‖ · ‖η‖ dµ(s) <
ε
2 .
Since ‖π(f)ξ0‖ ≤ 1, we deduce that
‖PN (π(f)ξ0)‖ ≥ ‖π(f)ξ0‖ −
ε
2
.(2)
The isometric representation ρ : G → Isom(E) induces an isometric representa-
tion ρN : G/N → Isom(E
N ) given by
ρ(sN)ξ = ρ(s)ξ
for all s ∈ G and ξ ∈ E. Let πN : L
1(G/N) → B(EN) denote the integrated form
of ρN . Since E
N is a closed subspace of E, it follows that EN is a SLp-space.
The map PN induces a linear map QN : B(E)→ B(E
N), which sends an operator
a ∈ B(E) to the operator QN(a) : E
N → EN given by
QN(a)ξ = PN (aξ)
for ξ ∈ EN ⊆ E.
Consider the map TN : L
1(G)→ L1(G/N) given by
TN (g)(sN) =
∫
N
g(sn) dµ(n).
for s ∈ G. It is well-known that TN is a contractive homomorphism; see [RS00,
Theorem 3.5.4, p.106]. It is straightforward to check that the following diagram is
commutative:
L1(G)
π //
TN

B(E)
QN

L1(G/N) πN
// B(EN).
In particular,
πN (TN (f))PN (ξ) = PN (π(f)ξ)
for all ξ ∈ E.
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Using that ‖PN (ξ0)‖ ≤ 1 at the second step, using (2) at the fourth step, and
using (1) at the last step, we conclude that
‖TN(f)‖SLp ≥ ‖πN (TN (f))‖
≥ ‖πN (TN (f))PN (ξ0)‖
= ‖PN (π(f)ξ0)‖
≥ ‖π(f)ξ0‖ −
ε
2
≥ ‖π(f)‖ − ε.
Since G/N is second-countable, we may apply Corollary 2.24 at the second step
to obtain
‖f‖Lp ≥ ‖TN(f)‖Lp = ‖TN(f)‖SLp ≥ ‖π(f)‖ − ε = ‖f‖SLp − ε.
Since this holds for all ε > 0, we have shown that ‖f‖SLp ≤ ‖f‖Lp , as desired. 
Theorem 2.26. Let p ∈ [1,∞) \ {4, 6, . . .}, let G be a locally compact group, and
let f ∈ L1(G). Then ‖f‖SLp = ‖f‖Lp.
Proof. It is enough to prove the statement under the additional assumption that f
belongs to Cc(G), the algebra of continuous functions G → C that have compact
support. In this case, there exists an open (and hence closed) subgroup H of G
such that H is σ-compact and such that the support of f is contained in H .
Given a function g in L1(H), we extend g to a function in L1(G), also denoted
by g, by setting g(s) = 0 for all s ∈ G\H . This defines an isometric homomorphism
ι : L1(H) → L1(G). Considering the universal completions for representations on
SLp- and Lp-spaces, we obtain two contractive homomorphisms
αS : F
p
S (H)→ F
p
S (G), α : F
p(H)→ F p(G).
Together with the maps κHS and κ
G
S from Notation 2.14, we obtain the following
commutative diagram:
F pS (H)
αS

κHS // F p(H)
α

F pS (G)
κGS
// F p(G).
We can consider f as a function in L1(H) or in L1(G), and we will denote the norms
in the corresponding universal completions by ‖f‖HLp, ‖f‖
H
SLp, ‖f‖
G
Lp and ‖f‖
G
SLp.
As in the proof of Corollary 2.24, we have ‖f‖GLp ≤ ‖f‖
G
SLp. Using that αS is
contractive at the first step, and applying Lemma 2.25 for H at the second step,
we deduce that
‖f‖GSLp ≤ ‖f‖
H
SLp = ‖f‖
H
Lp .
Thus, in order to obtain the desired inequality ‖f‖GSLp ≤ ‖f‖
G
Lp, it is enough to
show that
‖f‖HLp ≤ ‖f‖
G
Lp.
By (2) in Remarks 2.9, there exist a Lp-space E and an isometric group repre-
sentation ρ : H → Isom(E) whose integrated form π : L1(H)→ B(E) satisfies
‖f‖HLp = ‖π(f)‖.
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We can induce ρ to an isometric representation of G as follows: Consider the space
IndGH(E) =
{
ω ∈ ℓ∞(G,E) :
ρ(h)(ω(sh)) = ω(s) for all s ∈ G and h ∈ H
and (sH 7→ ‖ω(s)‖) is in ℓp(G/H)
}
,
with the norm of an element ω ∈ IndGH(E) given by
‖ω‖ =
 ∑
sH∈G/H
‖ω(s)‖p
1/p .
(The covariance condition ρ(h)(ω(sh)) = ω(s) ensures that for each s in S, the norm
‖ω(s)‖ depends only on the class of s in G/H .) Since G/H is discrete, we can choose
a section σ : G/H → G. By assigning to an element ω ∈ IndGH(E) ⊆ ℓ
∞(G,E) the
function ω ◦ σ : G/H → E, we obtain an isometric isomorphism
IndGH(E)
∼=
−→ ℓP (G/H,E) ∼=
p⊕
G/H
E,
which shows that IndGH(E) is an L
p-space.
The induced representation ρ˜ = IndGH(ρ) : G→ Isom(Ind
g
H(E)) is given by
(ρ˜(s)ω)(t) = ω(s−1t),
for ω ∈ E˜, and s, t ∈ G. We let π˜ : L1(G) → B(IndGH(E)) denote the integrated
form of ρ˜.
Consider the map ε : E → IndGH(E) given by
ε(ξ)(s) =
{
ρ(s−1)ξ, s ∈ H
0, s /∈ H
for ξ ∈ E. Let e denote the unit element in G, and consider the evaluation map
eve : Ind
G
H(E) → E. We have that ε and eve are linear and contractive, and that
eve ◦ε = idE . It follows in particular that ε defines an isometric embedding of
E into IndGH(E). We can use ε and eve to define an isometric homomorphism
Q : B(E)→ B(IndGH(E)) by
Q(a)ω = ε(a eve(ω)) = ε(aω(e))
for a ∈ B(E) and ω ∈ IndGH(E). It is then straightforward to check that the
following diagram is commutative:
L1(H)
π //
ι

B(E)
Q

L1(G)
π˜ // B(E˜).
We a slight abuse of notation, we write f = ι(f). We conclude that
‖f‖GLp ≤ ‖π˜(f)‖ = ‖Q(π(f))‖ = ‖π(f)‖ = ‖f‖
H
Lp,
which is the desired inequality. 
The above theorem can be used to show that, for some values of p ∈ [1,∞), the
canonical maps between certain universal completions are always isometric.
Corollary 2.27. Let p ∈ [1,∞) and let G be a locally compact group.
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(1) If p /∈ {4, 6, 8, . . .}, then the canonical map
κS : F
p
S (G)→ F
p(G),
is an isometric isomorphism.
(2) If p /∈ { 43 ,
6
5 ,
8
7 , . . .}, then the canonical map
κQ : F
p
Q(G)→ F
p(G),
is an isometric isomorphism.
Proof. The first statement is an immediate consequence of Theorem 2.26. The
second claim follows from part (1), using duality. We omit the details. 
Remark 2.28. It is known that the conclusion of Theorem 2.21 fails for p ∈
{4, 6, 8, . . .}. Indeed, in [Lus78], Lusky shows that the Hardin’s extension theo-
rem (Theorem 4.2 in [Har81]) fails for all even integers greater than 2, providing
concrete counterexamples that are based on computations of Rudin in Example 3.6
of [Rud76]. However, we do not know whether the restrictions on the Ho¨lder expo-
nent are necessary in Theorem 2.26 and Corollary 2.27.
Corollary 2.27 suggests the following:
Question 2.29. Let G be a locally compact group and let
p ∈ [1,∞) \
{
2n,
2n
2n− 1
: n ≥ 2
}
.
Then there are canonical isometric isomorphisms F p(G) ∼= F
p
S (G)
∼= F
p
Q(G). Is the
canonical map F pQS(G)→ F
p(G) an isometric isomorphism?
Again, the answer to the above question is yes if p = 1, 2, and also if G is
amenable (for arbitrary p). One would hope to be able to combine the facts that
F p(G) ∼= F
p
S (G) and F
p(G) ∼= F
p
Q(G) to say something about F
p
QS(G) in relation
to F p(G), but this is not clear. Question 2.29 may well have a negative answer.
The following is the main result of this subsection.
Theorem 2.30. Let G be a locally compact group.
(1) If 1 ≤ p ≤ q ≤ 2, then the identity map on L1(G) extends to a contractive
homomorphism
γp,q : F
p(G)→ F q(G)
with dense range.
(2) If 2 ≤ r ≤ s, then the identity map on L1(G) extends to a contractive
homomorphism
γs,r : F
s(G)→ F r(G)
with dense range.
GROUP ALGEBRAS ACTING ON Lp-SPACES 17
Moreover, the following diagram is commutative:
F pS (G)
$$■
■■
■■
■■
■■
κpS
∼=

F qS (G)
$$■
■■
■■
■■
■■
κqS
∼=

F 2S (G)
F p(G)
γp,q
//❴❴❴ F q(G)
γq,2
//❴❴❴ C∗(G) F r(G)
γr,2oo❴ ❴ ❴ F s(G)
γs,roo❴ ❴ ❴
F 2Q(G) F
r
Q(G)
dd■■■■■■■■■
κrQ ∼=
OO
F sQ(G)
dd■■■■■■■■■
κsQ ∼=
OO
Proof. We only prove the first part, since the second one follows from the first using
duality. Let f ∈ L1(G). We use Proposition 2.7 at the first step and Corollary 2.27
at the second to get
‖f‖Lq ≤ ‖f‖SLp = ‖f‖Lp.
We conclude that the identity map on L1(G) extends to a contractive homomor-
phism γp,q : F
p(G) → F q(G) with dense range. Commutativity of the diagram
depicted in the statement follows from the fact that all the maps involved are the
identity on the respective copies of L1(G). 
We point out that the statement analogous to Theorem 2.30 is in general false
for e´tale groupoids. (E´tale groupoid Lp-operator algebras have been introduced
and studied in [GL14].) Indeed, the analogs of Cuntz algebras Opn on L
p-spaces (in-
troduced by Phillips in [Phi12]), are groupoid Lp-operator algebras by Theorem 7.7
in [GL14]. On the other hand, if p and q are different Ho¨lder exponents and n ≥ 2
is an integer, then there is no non-zero continuous homomorphism Opn → O
q
n by
Corollary 9.3 in [Phi12] (see also the comments after it), which rules out any rea-
sonable generalization of Theorem 2.30 to groupoids. In particular, there seems to
be no analog of Hardin’s results (or our Theorem 2.21) for groupoids.
3. Algebras of p-pseudofunctions and amenability
In this section, we recall the construction of the algebra F pλ (G) of p-pseudo-
functions on a locally compact group G, for p ∈ [1,∞), as introduced by Herz
in [Her73]. (Our notation differs from the one used by Herz.) There are natu-
ral contractive homomorphisms with dense range from any of the universal com-
pletions studied in the previous section, to the algebra of p-pseudofunctions. In
Theorem 3.7, we characterize amenability of a locally compact group G in terms
of these maps. As an application, we show in Corollary 3.20 that for an amenable
group G, and for 1 ≤ p ≤ q ≤ 2 or for 2 ≤ q ≤ p < ∞, the canonical map
γp,q : F
p(G)→ F q(G) constructed in Theorem 2.30 is always injective, and that it
is surjective if and only if G is finite.
3.1. Algebras of p-pseudofunctions. We denote by p a fixed Ho¨lder exponent
in [1,∞). For a locally compact group G, let λp : L
1(G) → B(Lp(G)) denote the
(integrated form of the) left regular representation of G on Lp(G). For f in L1(G),
we have λp(f)ξ = f ∗ ξ for all ξ ∈ L
p(G).
Definition 3.1. Let G be a locally compact group. The algebra of p-pseudo-
functions on G, here denoted by F pλ (G), is the completion of L
1(G) with respect
to the norm induced by the left regular representation of L1(G) on Lp(G).
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Remark 3.2. Let G be a locally compact group. The left regular representation
λp : L
1(G)→ B(Lp(G)) induces an isometric embedding F pλ (G)→ B(L
p(G)) under
which we regard F pλ (G) as represented on L
p(G). In particular, F pλ (G) is an L
p-
operator algebra.
In the literature, the elements of F pλ (G) have been called p-pseudofunctions, and
the Banach algebra F pλ (G) is usually denoted by PFp(G). This terminology goes
back to Herz; see Section 8 in [Her73]. (We are thankful to Y. Choi and M. Daws
for providing this reference.) Our notation follows one of the standard conventions
in C∗-algebra theory ([BO08]). We warn the reader that F pλ (G) has also been called
the reduced group Lp-operator algebra of G, and is sometimes denoted F pr (G), for
example in [Phi13].
It is immediate to check that when p = 2, the algebra F 2λ(G) agrees with the
reduced group C∗-algebra of G, which is usually denoted C∗λ(G).
The proof of the following proposition is straightforward and is left to the reader.
Proposition 3.3. Let G be a locally compact group. The left regular representation
of L1(G) on Lp(G) is a representation in RepG(L
p). Therefore, the identity map
on L1(G) induces a canonical contractive homomorphism
κ : F p(G)→ F pλ (G)
with dense range.
We now turn to duality. Let G be a locally compact group, and denote by
∆: G → R its modular function. For f ∈ L1(G), let f ♯ : G → C be given by
f ♯(s) = ∆(s−1)f(s−1) for all s in G.
Remark 3.4. For f and g in L1(G), it is straightforward to check that
(1) (f ♯)♯ = f ;
(2) (f ∗ g)♯ = g♯ ∗ f ♯; and
(3) ‖f ♯‖1 = ‖f‖1 for all f in L
1(G).
In other words, the map f 7→ f ♯ defines an isometric anti-automorphism of L1(G).
It is also immediate to check that if G is unimodular, then f 7→ f ♯ also defines an
isometric anti-automorphism of Lp(G) for every p ∈ [1,∞].
Let p ∈ (1,∞), and denote by p′ its conjugate exponent. Consider the bilinear
paring Lp(G)× Lp
′
(G)→ C given by
〈ξ, η〉 =
∫
G
ξ(s)η(s)ds
for all ξ ∈ Lp(G) and all η ∈ Lp
′
(G). It is a standard fact that
‖ξ‖p = sup
{
|〈ξ, η〉| : η ∈ Lp
′
(G), ‖η‖p′ = 1
}
for every ξ ∈ Lp(G).
Proposition 3.5. Let G be a locally compact group, let p ∈ (1,∞), and let p′
be its conjugate exponent. Then there is a canonical isometric anti-isomorphism
F pλ (G)
∼= F
p′
λ (G), which is induced by the map ♯ : L
1(G)→ L1(G).
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Proof. Given f in L1(G), we claim that λp(f
♯)′ = λp′(f). Fix ξ ∈ L
p(G) and
η ∈ Lp
′
(G). Then
〈f ♯ ∗ ξ, η〉 =
∫
G
(f ♯ ∗ ξ)(s)η(s)ds
=
∫
G
(∫
G
∆(t−1)f ♯(st−1)ξ(t)dt
)
η(s)ds
=
∫
G
∫
G
∆(t−1)∆(ts−1)f(ts−1)ξ(t)η(s)dtds
=
∫
G
(∫
G
∆(s−1)f(ts−1)η(s)ds
)
ξ(t)dt
=
∫
G
(f ∗ η)(t)ξ(t)dt
= 〈ξ, f ∗ η〉,
so the claim follows.
It follows that ‖λp(f
♯)‖ = ‖λp′(f)‖, and hence the map ♯ : L
1(G) → L1(G)
induces a canonical isometric anti-isomorphism F pλ (G)→ F
p′
λ (G), as desired. 
With the notation of the proposition above, we point out that when p 6= 2, we
do not seem to get the existence of a canonical isometric isomorphism F pλ (G)
∼=
F p
′
λ (G), since ‖λp(f)‖ and ‖λp(f
♯)‖ are not in general equal, unless G is abelian
(see Proposition 3.22). In fact, Herz proved in Corollary 1 of [Her76], that for every
finite non-abelian group G, and for every p ∈ (1,∞) \ {2}, there exists f ∈ ℓ1(G)
such that ‖λp(f)‖p 6= ‖λp′(f)‖p′ .
3.2. Group and Banach algebra amenability. Let us recall some facts from
functional analysis. If E is a Banach space and ξ ∈ E, then
‖ξ‖ = sup {|f(ξ)| : f ∈ E′, ‖f‖ = 1} ,
We use this to prove the following standard result.
Lemma 3.6. Let E and F be two Banach spaces, and let ϕ : E → F be a bounded
linear map.
(1) The map ϕ has dense image if and only if ϕ′ is injective.
(2) The map ϕ is an isometric isomorphism if and only if ϕ′ is.
Proof. (1). Suppose that ϕ has dense image, and let f in F ′ satisfy ϕ′(f) = 0.
Then ϕ′(f)(ξ) = f(ϕ(ξ)) = 0 for all ξ ∈ E. By continuity, we must have f(η) = 0
for all η in F , so f = 0 and ϕ′ is injective. Conversely, assume that ϕ′ is injective.
In order to arrive at a contradiction, assume that there exists η in F not in the
closure of ϕ(E). Define a linear functional g : ϕ(E) + Cη → C by g(ϕ(ξ)) = 0 for
all ξ in E, and g(η) = ‖η‖. Then g is continuous and ‖g‖ = 1, so by Hahn-Banach
there exists a functional g˜ : F → C extending g with Finally, it is clear that ϕ′(g˜)
is the zero functional on E, contradicting injectivity of ϕ′. This shows that ϕ(E)
is dense in F . (2). It is clear that ϕ′ is an isometric isomorphism if ϕ is. Assume
now that ϕ′ is an isometric isomorphism. Then ‖ϕ′(f)‖ = ‖f‖ for every f ∈ F ′, so
ϕ′ maps the unit ball of F ′ surjectively onto the unit ball of E′. Given ξ ∈ E, we
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have
‖ϕ(ξ)‖ = sup {|f(ϕ(ξ))| : f ∈ F ′, ‖f‖ = 1}
= sup {|ϕ′(f)(ξ)| : f ∈ F ′, ‖f‖ = 1}
= sup {|g(ξ)| : g ∈ E′, ‖g‖ = 1}
= ‖ξ‖,
which shows that ϕ is an isometric embedding of E into F . In particular, the image
of ϕ is closed in F . Since the image of ϕ is dense in F by part (1) of this lemma,
we conclude that ϕ is an isometric isomorphism. 
The next theorem characterizes amenability of a locally compact group in terms
of the canonical maps between its enveloping operator algebras. The case p = 2
of the result below is a standard fact in C∗-algebra theory; see Theorem 2.6.8 in
[BO08].
When E = Lp, the equivalence between (1) and (2) in the theorem below was
independently obtained by Phillips, whose methods are inspired in C∗-algebraic
techniques; see [Phi14b].
We denote by κu : F
p
QS(G)→ F
p
λ (G) the composition κ ◦ κQS.
Theorem 3.7. Let G be a locally compact group, and let p ∈ (1,∞). Then the
following are equivalent:
(1) The group G is amenable.
(2) With E denoting any of the classes QSLp, SLp, QLp or Lp, the canonical
map FE(G)→ F
p
λ (G) is an isometric isomorphism.
(3) With E denoting any of the classes QSLp, SLp, QLp or Lp, the canonical
map FE(G)→ F
p
λ (G) is a (not necessarily isometric) isomorphism.
Proof. We begin by introducing the notation that will be used to prove the equiv-
alences.
Let p′ be the dual exponent of p. Let Bp′(G) be the p
′-analog of the Fourier-
Stieltjes algebra, as introduced in [Run05]. By definition, Bp′(G) is the set of
coefficient functions of representations of G on QSLp-spaces. We may think of
Bp′(G) as a subalgebra of the algebra Cb(G) of bounded continuous functions on
G, except that the norm of Bp′(G) is not induced by the norm of Cb(G).
Under the canonical identification of UPFp(G) and F
p
QS(G) (see Remarks 2.9),
Theorem 6.6 in [Run05] provides a canonical isometric isomorphism
F pQS(G)
′ ∼= Bp′(G) ⊆ Cb(G).
We now turn to the equivalence between the statements.
(1) implies (2). It is enough to show that the map κu : F
p
QS(G)→ F
p
λ (G) is iso-
metric. Under the assumption that G is amenable, it follows from Theorems 6.7 in
[Run05] that the dual map κ′ : F pλ (G)
′ → F pQS(G)
′ of κ, is an isometric isomorphism.
Indeed, with the notation used there, and writing ∼= for isometric isomorphism, we
have
F pλ (G)
′ ∼= PFp(G)
′ ∼=−→ Bp′(G) ∼= F
p
QS(G)
′.
It thus follows from Lemma 3.6 that κu is an isometric isomorphism, as desired.
(2) implies (3). Clear.
(3) implies (1). It is enough to show the result assuming that κ : F p(G)→ F pλ (G)
is an isomorphism.
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We regard the dual of κu as a map κ
′
u : F
p
λ (G)
′ → Bp′(G) ⊆ Cb(G). By Theo-
rem 4.1 in [NR09], a locally compact group G is amenable if and only if the constant
function 1 on G belongs to the image of F pλ (G)
′ in Bp′(G) ⊆ Cb(G). Note that 1
always belongs to the image of F p(G)′ in Bp′(G), since it is a coefficient function
of the trivial representation (on an Lp
′
-space). Now, if κ : F p(G) → F pλ (G) is an
isomorphism, then so is the dual map κ′ : F pλ (G)
′ → F p(G)′. It follows that 1 is in
the image of F pλ (G)
′ in Bp(G) ⊆ Cb(G), and hence G is amenable. 
One must exclude p = 1 in Theorem 3.7, since the canonical maps are always
isometric in this case, as was shown in Proposition 2.11 and Remark 2.12.
Theorem 3.7 raises the following natural questions:
Question 3.8. Let G be a locally compact group and let p ∈ (1,∞). Is the
canonical map κ : F p(G)→ F pλ (G) always surjective?
The question above has an affirmative answer if either p = 2 or G is amenable,
and there are no known counterexamples.
If Question 3.8 has a negative answer, it would be interesting to explore the
following:
Problem 3.9. Let p ∈ (1,∞) \ {2}. Characterize those locally compact groups G
for which the canonical map κ : F p(G)→ F pλ (G) is injective.
If the answer to Question 3.8 is ‘yes’, then the problem above would have the
expected solution: injectivity of the canonical map κ : F p(G) → F pλ (G) would be
equivalent to amenability, by the equivalence between (1) and (3) in Theorem 3.7,
by the Open Mapping Theorem.
Although unlikely, the answer to Problem 3.9 could in principle depend on p.
Notation 3.10. If G is a locally compact amenable group and p ∈ (1,∞), or
if G is any locally compact group and p = 1, we will write F p(G) instead of
any of F pQS(G), F
p
S (G), F
p
Q(G) or F
p
λ (G), since they are isometrically isomorphic by
Theorem 3.7, Proposition 2.11 and Remark 2.12.
In the discrete case, amenability of the group is characterized by amenability of
any of its associated universal enveloping algebras.
Theorem 3.11. Let G be a locally compact group and let p ∈ [1,∞). Let E be any
of the classes QSLp, QLp, SLp, or Lp. If G is amenable, then so is FE(G). The
converse is true if G is discrete.
Proof. It is a well known result due to B. Johnson (see [Joh72]) that G is amenable
if and only if the group algebra L1(G) is amenable (even if G is not discrete). If
G is amenable, then so is L1(G), and hence also FE(G) by Proposition 2.3.1 in
[Run02], since the image of L1(G) in FE(G) is dense.
Conversely, suppose that FE(G) is amenable and that G is discrete. Then F
p(G)
is amenable again by Proposition 2.3.1 in [Run02], because there is a contractive ho-
momorphism FE(G) → F
p(G) with dense range. Another use of Proposition 2.3.1
in [Run02], this time with the map γp,2 : F
p(G) → F 2(G) = C∗(G) constructed
in Theorem 2.30, shows that C∗(G) must be amenable in this case. Now Theo-
rem 2.6.8 in [BO08] implies that G is amenable. 
The following question naturally arises:
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Question 3.12. Does amenability of F p(G), for p 6= 2, characterize amenability
of G in full generality?
For p = 1, the answer is yes, by Johnson’s Theorem ([Joh72]). The result is
known to be false for p = 2. Indeed, Connes proved in [Con76] that if G is a
connected Lie group, then C∗(G) (and hence C∗λ(G)) is amenable. However, there
are non-amenable connected Lie groups, such as SL2(R) (whose group C
∗-algebra
is even type I). We do not know, however, whether F p(SL2(R)) is amenable for
p 6= 1, 2.
We close this subsection with the computation of the maximal ideal space of
F p(G) when G is an abelian locally compact group. This result, in this form, will
be crucial in the proof of Theorem 3.4 in [GT14b]. The result is almost certainly
well-known, but we have not been able to find a reference in the literature.
Proposition 3.13. Let G be an abelian locally compact group, and let p ∈ [1,∞).
Then there is a canonical homeomorphism φ : Max(F p(G)) → Ĝ. Moreover, the
Gelfand transform
Γp : F
p(G)→ C0(Ĝ)
is injective, contractive and has dense range.
Proof. It is well-known that Max(L1(G)) is canonically homeomorphic to Ĝ, and
that the following diagram is commutative:
L1(G) //
Γ1

C∗(G)
Γ2

C0(Ĝ) C0(Ĝ).
id
C0(Ĝ)
oo
Set X = Max(F p(G)). The canonical map γp,2 : F
p(G) → C∗(G) induces a
continuous function φ : Ĝ → X . We claim that φ is injective. Indeed, φ is the
restriction of γ′p,2 : C
∗(G)′ → F p(G)′ to the multiplicative linear functionals of
norm one. Since γ′p,2 is injective by part (1) of Lemma 3.6, the claim follows.
A similar argument shows that the canonical inclusion L1(G)→ F p(G) induces
an injective continuous function ψ : X → Ĝ. By naturality of the Gelfand trans-
form, we must have ψ ◦ φ = idĜ, showing that Ĝ and X are homeomorphic.
For the last claim, it only remains to show that Γp is injective and has dense
range. Injectivity follows from Theorem 4 in Section 1.5 of [Der11]. Density of its
range follows from the facts that γp,2 has dense range by Theorem 2.30, that Γ2 is
an isometric isomorphism, and that the diagram below commutes:
L1(G) //
Γ1

F p(G)
γp,2 //
Γp

C∗(G)
Γ2

C0(Ĝ) C0(Ĝ)∼=
oo C0(Ĝ).∼=
oo

GROUP ALGEBRAS ACTING ON Lp-SPACES 23
3.3. Canonical maps F p(G) → F q(G) revisted. In this subsection, we will
use Theorem 3.7 to obtain further information about the maps γp,q constructed
in Theorem 2.30, by regarding them as maps between the algebras of p- and q-
pseudofunctions; see Corollary 3.20.
We begin with a general discussion (see also Section 8 in [Her73]).
Definition 3.14. Let E be a reflexive Banach space. It is well-known that the
Banach algebra B(E) is the Banach space dual of the projective tensor product
E⊗̂E′. The weak*-topology inherited by B(E) from this identification is usually
called the ultraweak topology on B(E).
Given a Banach space E, we write 〈·, ·〉E,E′ for the canonical pairing E×E
′ → C.
Given ξ ∈ E and given η ∈ E′, we write ξ ⊗ η for the simple tensor product in
E⊗̂E′. Regarding an operator a ∈ B(E) as a functional on E⊗̂E′, the action of a
on ξ ⊗ η is given by
〈a, ξ ⊗ η〉(E⊗̂E′)′,E⊗̂E′ = 〈aξ, η〉E,E′ .(3)
Definition 3.15. Let E be a Banach space. Let (aj)j∈J be a net of operators
in B(E), and let a ∈ B(E) be another operator. We say that (aj)j∈J converges
ultraweakly to a, if for every x ∈ E⊗̂E′ we have
lim
j∈J
|〈aj , x〉 − 〈a, x〉| = 0.
The ultraweak topology on B(E) should not be confused with its weak operator
topology. By definition, a net (aj)j∈J in B(E) converges in the weak operator
topology to an operator a ∈ B(E) if for every ξ ∈ E and every η ∈ E′, we have
lim
j∈J
|〈ajξ, η〉 − 〈aξ, η〉| .
Remark 3.16. Since a pair (ξ, η) ∈ E×E′ defines an element x = ξ⊗ η in E⊗̂E′,
it follows from (3), that the ultraweak topology is stronger than the weak operator
topology. On the other hand, it is well-known that the ultraweak topology and the
weak operator topology agree on (norm) bounded subsets of B(E).
The following class of Banach algebras will be needed in the proof of Theorem 3.18.
Definition 3.17. Let G be a locally compact group and let p ∈ [1,∞).
(1) The algebra of p-pseudomeasures on G, denoted PMp(G), is the ultraweak
closure of F pλ (G) in B(L
p(G)).
(2) The algebra of p-convolvers on G, denoted CVp(G), is the bicommutant of
F pλ (G) in B(L
p(G)).
Algebras of pseudomeasures and convolvers on groups have been thoroughly
studied since their introduction by Herz in Section 8 in [Her73]. It is clear that
PMp(G) ⊆ CVp(G), and it is conjectured that they are equal for every locally
compact group and every Ho¨lder exponent p ∈ [1,∞). The reader is referred to
[DS14] for a more thorough description of the problem, as well as for the available
partial results.
Theorem 3.18. Let G be a locally compact group, and let p, q ∈ [1,∞) with either
p ≤ q ≤ 2 or 2 ≤ q ≤ p. Assume that
‖λq(f)‖q ≤ ‖λp(f)‖p(4)
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for every f ∈ L1(G). Then the identity map on L1(G) extends to a contractive map
γλp,q : F
p
λ (G)→ F
q
λ(G),
with dense range. Moreover,
(1) The map γλp,q is injective.
(2) Suppose that CVp(G) = PMp(G) and CVq(G) = PMq(G). If p 6= q, then
γλp,q is not surjective unless G is finite.
We emphasize that the assumptions CVp(G) = PMp(G) and CVq(G) = PMq(G)
in part (2) of this theorem, are conjecturally not a restriction; see [DS14].
Proof. We show first the existence of γλp,q. Let a be an operator in F
p
λ (G) and choose
a sequence (fn)n∈N in L
1(G) such that lim
n→∞
‖a− λp(fn)‖ = 0. Then (λp(fn))n∈N
is a Cauchy sequence in B(Lp(G)), and hence (λq(fn))n∈N is a Cauchy sequence in
B(Lq(G)) as well, by the inequality in (4). Set
γλp,q(a) = limn→∞
λq(fn).
It is straightforward to check that this definition is independent of the choice of
the sequence (fn)n∈N in L
1(G). Moreover, it is clear that the resulting homomor-
phism γλp,q : F
p
λ (G)→ F
q
λ(G) is contractive and has dense range.
(1). Let us show that γλp,q is injective. Fix a ∈ F
p
λ (G) and choose a sequence
(fn)n∈N in L
1(G) such that λp(fn) converges to a in B(L
p(G)). Assume that
γλp,q(a) = 0, so that (λq(fn))n∈N converges to the zero operator on L
q(G). In order
to arrive at a contradiction, suppose that a 6= 0. Choose ξ ∈ Cc(G) such that
aξ 6= 0. Set η = aξ. Since
lim
n→∞
‖fn ∗ ξ − η‖p = 0,
upon passing to a subsequence, we may assume that (fn∗ξ)n∈N converges pointwise
almost everywhere to η.
Since (λq(fn))n∈N converges to zero in B(L
q(G)), it follows that (λq(fn)ξ)n∈N
converges to zero in Lq(G). Again, upon passing to a subsequence, we may assume
that fn ∗ξ converges pointwise almost everywhere to zero. This clearly implies that
η = 0 almost everywhere on G, which is a contradiction. We deduce that a = 0,
and hence γλp,q is injective.
Before proving part (2), let us show that γλp,q extends to a map
δp,q : PMp(G)→ PMq(G)
between the ultraweak closures of F pλ (G) and F
q
λ(G) in B(L
p(G)) and B(Lq(G)),
respectively. The existence of such a map is well-known to the experts, so we only
sketch its construction.
Let a be an operator in PMp(G), and choose a net (fj)j∈J in Cc(G) such
that (λp(fj))j∈J converges to a in the ultraweak topology. Since the sequence
(λp(fj))j∈J converges ultraweakly, it follows that it is norm-bounded. Since L
p(G)
is a separable Banach space, the ultraweak topology is metrizable on bounded sub-
sets of B(Lp(G)), and hence there is a sequence (fn)n∈N in Cc(G) such that λp(fn)
converges ultraweakly to a.
By the inquality in (4), the sequence (λq(fn))n∈N is norm-bounded in B(L
q(G)).
By the Banach-Alaoglu Theorem, the sequence (λq(fn))n∈N has an ultraweak limit
point, so there is a subsequence (λq(fnk))k∈N that converges ultraweakly to an
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operator b ∈ B(Lq(G)). By construction, b belongs to PMq(G). One can show that
b does not depend on the choices made, so we set δp,q(a) = b.
The resulting homomorphism δp,q : PMp(G) → PMq(G) is easily seen to be
contractive and to have dense range.
(2). If G is finite, then γλp,q is clearly surjective, since it has dense range and
F qλ(G) is finite dimensional. Conversely, assume that G is infinite. We will show
that γλp,q is not surjective using results from [CF76].
To reach a contradiction, assume that γλp,q is surjective. It follows from the
Open Mapping Theorem and part (1) of this theorem, that γλp,q is an isomorphism
(although not necessarily isometric). This means that there is a constant K > 0
such that
‖λp(f)‖p ≤ K‖λq(f)‖q,
for every f ∈ L1(G).
We claim that δp,q is also surjective. Given b ∈ PMq(G), choose a sequence
(fn)n∈N in Cc(G) such that the sequence of operators (λq(fn))n∈N in B(L
q(G))
converges ultraweakly to b. Then the sequence (λq(fn))n∈N is norm-bounded in
B(Lq(G)). It follows that
sup
n∈N
‖λp(fn)‖ ≤ K sup
n∈N
‖λq(fn)‖ <∞,
so (λp(fn))n∈N is norm-bounded in B(L
p(G)) as well. By the Banach-Alaoglu
Theorem, there exists a subsequence (λp(fnk))k∈N that converges ultraweakly to
an operator a ∈ B(Lp(G)). By construction, a belongs to PMp(G).
We claim that δp,q(a) = b. For ξ, η, f ∈ Cc(G), we have
〈λp(f)ξ, η〉Lp(G),Lp′(G) =
∫
G
∫
G
f(st−1)ξ(t)η(s) dsdt = 〈λq(f)ξ, η〉Lq(G),Lq′(G).
We deduce that
〈aξ, η〉 = lim
k→∞
〈λp(fnk)ξ, η〉 = lim
k→∞
〈λq(fnk)ξ, η〉 = limn→∞
〈λq(fn)ξ, η〉 = 〈bξ, η〉.
Using that the weak operator topology agrees with the ultraweak topology on
bounded sets, it follows from the definition that δp,q(a) = b, as desired.
By our assumption PMp(G) = CVp(G) and PMq(G) = CVq(G), we can re-
gard δp,q as a map between the respective p- and q-convolvers on G. Now, the
fact that δp,q : CVp(G) → CVq(G) is surjective contradicts Theorem 2 in [CF76]
(where CVp(G) and CVq(G) are denoted by L
p
p(G) and L
q
q(G), respectively). This
contradiction implies that γλp,q is not surjective, as desired. 
Remark 3.19. Let G be a locally compact group and let p, q ∈ [1,∞) satisfy∣∣∣1q − 12 ∣∣∣ < ∣∣∣ 1p − 12 ∣∣∣. We point out that even though the map γp,q : F p(G) → F q(G)
constructed in Theorem 2.30 exists in full generality, the map γλp,q : F
p
λ (G)→ F
q
λ(G)
may fail to exist for some groups and some exponents p and q, since there may be
no constant M > 0 such that
‖λq(f)‖q ≤M‖λp(f)‖p
holds for all f ∈ L1(G). Indeed, as it is shown in [Pyt81] and [Pyt84], this is the
case for any noncommutative free group, and for any exponents p, q ∈ (1,∞) with
p 6= q
26 EUSEBIO GARDELLA AND HANNES THIEL
In contrast to what was pointed out in Remark 3.19, we have that the assump-
tions of Theorem 3.18 are satisfied in a number of situations, particularly if G is
amenable. We state this explicit in the following corollary.
Corollary 3.20. Let G be an amenable locally compact group, and let p, q ∈ [1,∞).
Denote by λp : L
1(G) → B(Lp(G)) and λq : L
1(G) → B(Lq(G)) the corresponding
left regular representations of G. If either p ≤ q ≤ 2 or 2 ≤ q ≤ p, then
‖λq(f)‖q ≤ ‖λp(f)‖p
for every f in L1(G). Moreover,
(1) The map γp,q constructed in Theorem 2.30 is injective.
(2) If p 6= q, then γp,q is surjective if and only if G is finite.
Proof. It is enough to assume that 1 ≤ p ≤ q ≤ 2, since the other case can then be
deduced by using duality. Given f ∈ L1(G), we use Theorem 3.7 at the first and
third step, and Proposition 2.7 at the second step, to get
‖λq(f)‖q = ‖f‖Lq ≤ ‖f‖Lp = ‖λp(f)‖p,
as desired.
Part (1) follows immediately from part (1) of Theorem 3.18, since γp,q = γ
λ
p,q
by amenability of G. Likewise, part (2) follows from part (2) of Theorem 3.18,
together with Herz’s result (Theorem 5 in [Her73]) that PMr(G) = CVr(G) for all
r ∈ [1,∞) whenever G is amenable. 
Remark 3.21. Adopt the notation from the statement of Corollary 3.20. The
fact that ‖λq(f)‖q ≤ ‖λp(f)‖p was announced as Theorem C in [Her71] (see the
corollary on page 512 of [HR72] for a proof).
It is a consequence of Corollary 3.20 that the Banach algebras F p(Z) for p ∈
[1, 2], are pairwise not canonically isometrically isomorphic. (Here ‘canonical’
means via a map which is the identity on ℓ1(Z).) In a separate paper ([GT14b]),
we show that for p, q ∈ [1, 2], the algebras F p(Z) and F q(Z) are not even abstractly
isometrically isomorphic; see Theorem 3.4 in [GT14b].
We point out that when G is abelian, the unnumbered claim in Corollary 3.20
(see also Remark 3.21) can be proved much more directly. We do so in the propo-
sition below, which is well-known to the experts and appears implicitly in the
literature.
Proposition 3.22. Let G be an abelian locally compact group, and let f ∈ L1(G).
(1) Let p ∈ (1,∞). Then ‖λp(f)‖p = ‖λp′(f)‖p′ .
(2) Let p, q ∈ [1,∞), and suppose that either p ≤ q ≤ 2 or 2 ≤ q ≤ p. Then
‖λq(f)‖q ≤ ‖λp(f)‖p.
Proof. (1). Let f ∈ L1(G). It was shown in the proof of Proposition 3.5 that
‖λp(f
♯)‖p = ‖λp′(f)‖p′ . Since G is unimodular, we have ‖ξ
♯‖p = ‖ξ‖p for all
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ξ ∈ Lp(G). Using this fact at the third step, we get
‖λp(f
♯)‖p = sup
ξ∈Lp(G),ξ 6=0
‖f♯∗ξ‖p
‖ξ‖p
= sup
ξ∈Lp(G),ξ 6=0
‖(ξ♯∗f)♯‖p
‖ξ‖p
= sup
ξ∈Lp(G),ξ 6=0
‖ξ∗f‖p
‖ξ‖p
.
Since G is abelian, we have ξ ∗ f = f ∗ ξ for all ξ ∈ Lp(G), and the result follows.
(2). Denote by γ : (1,∞) → R the function given by γ(r) = ‖λr(f)‖r for all
r ∈ (1,∞). Then γ(r) = γ(r′) for all r ∈ (1,∞) by part (1), and γ is log-convex
by the Riesz-Thorin Interpolation Theorem. It follows that γ has a minimum at
r = 2, and that it is decreasing on [1, 2] and increasing on [2,∞). This finishes the
proof. 
4. Lp-crossed products and amenability
N. C. Phillips has announced that for p ∈ [1,∞), if G is an amenable discrete
group and α : G→ Aut(A) is an isometric action of G on an Lp-operator algebra A,
then the canonical contractive map κ : F p(G,A, α) → F pλ (G,A, α) is an isometric
isomorphism. (The reader is referred to [Phi13] for the construction of full and
reduced crossed products, as well as for the definition of the canonical map.) The
proof is analogous to the C∗-algebra case, and is likely to appear in a second version
of the preprint [Phi13].
In analogy with Theorem 3.7 and Theorem 3.11, one may be tempted to con-
jecture that for p > 1, amenability of a discrete group G may be equivalent to the
canonical map κ : F p(G,X)→ F pλ (G,X) being an isometric isomorphism for every
locally compact Hausdorff G-space X , and that this in turn should be equivalent
to amenability of F p(G,X). (Theorem 3.7 and Theorem 3.11 are the case X = ∗
of this statement.) There are many examples that show that this is not true when
p = 2, but one may hope that this holds in all other cases, because of the extra
rigidity of Lp-operator crossed (see also Question 3.12).
However, the statement fails for every p ∈ (1,∞) \ {2}, and we will devote this
subsection to the construction of a family of counterexamples.
A crucial notion in our proof of Theorem 4.3 is that of incompressible Banach
algebras, which is due to Phillips ([Phi14a]).
Definition 4.1. Let p ∈ [1,∞) and let A be a Banach algebra. We say that A is p-
incompressible if for every Lp-space E, every contractive, injective homomorphism
ρ : A→ B(E) is isometric.
If the Ho¨lder exponent p is clear from the context, we will just say that A is
incompressible.
Examples of p-incompressible Banach algebras include B(ℓpn) for n ∈ N (see
Theorem 7.2 in [Phi12], where B(ℓpn) is denoted M
p
n), the analogs O
p
d of Cuntz
algebras on Lp-spaces (see Corollary 8.10 in [Phi12]), and C∗-algebras.
The next lemma asserts that a direct limit of p-incompressible Banach algebras
is again p-incompressible.
Lemma 4.2. Let ((Aµ)µ∈Λ, (ϕµ,ν)µ,ν∈Λ) be a direct limit of Banach algebras with
injective, contractive maps ϕµ,ν : Aµ → Aν for all µ and ν in Λ with µ ≤ ν, and
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denote by A its direct limit. Let p ∈ [1,∞). If Aµ is p-incompressible for all µ in
Λ, then so is A.
Proof. For µ in Λ, denote by ϕµ,∞ : Aµ → A the canonical contractive homo-
morphism into the direct limit algebra. Let E be an Lp-space, and let ρ : A →
B(E) be a contractive injective representation. Given µ in Λ, the representation
ρ ◦ ϕλ,∞ : Aµ → B(E) is injective and contractive. Since Aµ is incompressible, it
follows that ρ ◦ ϕµ,∞ is isometric. Hence, for a in Aµ, we have
‖ϕµ,∞(a)‖ ≤ ‖a‖Aµ = ‖(ρ ◦ ϕµ,∞)(a)‖ ≤ ‖ϕµ,∞(a)‖,
ant thus ‖(ρ ◦ ϕµ,∞)(a)‖ = ‖ϕµ,∞(a)‖. We conclude that ρ|ϕµ,∞(Aµ) is isometric
for all µ in Λ. Hence ρ is isometric, and A is incompressible. 
We are now ready to show that for any discrete group G (amenable or not) and
for any p ∈ [1,∞), there exists a locally compact Hausdorff G-space X such that
the canonical map κ : F p(G,X) → F pλ (G,X) is isometric and such that F
p(G,X)
is amenable. In particular, the analog of Theorem 3.7, where one considers actions
of G on arbitrary topological spaces other than the one point space, is false.
Recall (see, for example, [Ber72]) that if A is a Banach algebra, an element
a ∈ A is said to be hermitian if ‖eita‖ = 1 for all t ∈ R. If X is a locally compact
Hausdorff space, then every idempotent in C0(X) is hermitian.
The terminology “spatial partial isometry” and the notion of spatial system
are borrowed from Definition 6.4 in [Phi12], and the notation M
p
G is taken from
Example 1.6 in [Phi12].
Theorem 4.3. Let G be a discrete group, and let α : G → Aut(C0(G)) be the
isometric action induced by left translation of G on itself. Let p ∈ [1,∞). Then
there are natural isometric isomorphisms
F p(G,C0(G), α)
κ // F pλ (G,C0(G), α)
// M
p
G .
Moreover, the right-hand side equals K(ℓp(G)) when p > 1, and is strictly smaller
than K(ℓ1(G)) when p = 1 and G is infinite.
Note that M
p
G, being the direct limit of matrix algebras, is amenable even if G
is not.
Proof. The last claim follows from Corollary 1.9 and Example 1.10 in [Phi13].
We begin by showing that there is a natural isometric isomorphism
F p(G,C0(G), α) ∼=M
p
G.
For s ∈ G, let us be the standard invertible isometry implementing αs in the crossed
product, and let δs ∈ C0(G) be the function χ{s}. Then αs(δt) = δst for all s, t ∈ G,
and span ({δs : s ∈ G}) is dense in C0(G).
For s, t ∈ G, set as,t = δsust−1 ∈ ℓ
1(G,C0(G), α). For s1, s2, t1, t2 ∈ G, we have
as1,t1as2,t2 = δs1us1t−11
δs2us2t−12
= δs1αs1t−11
(δs2)us1t−11
us2t−12
= δs1δs1t−11 s2
us1t−11 s2t
−1
2
.
Thus, if s2 6= t1, then as1,t1as2,t2 = 0, because in this case δs1δs1t−11 s2
= 0. Taking
s2 = t1, we get as1,t1at1,t2 = as1,t2 . Hence the elements {as,t : s, t ∈ G} satisfy the
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relations for a system of matrix units indexed by G. Also, span ({as,t : s, t ∈ G}) is
dense in ℓ1(G,C0(G), α), and hence also in F
p(G,C0(G), α).
Let S be a finite subset of G. Then {as,t : s, t ∈ S} is a standard system of matrix
units forM|S|, so the subalgebraMS of F
p(G,C0(G), α) they generate is canonically
isomorphic, as a Banach algebra, to Mp|S|. We claim that this isomorphism is
isometric, this is, that the norm thatMS inherits as a subalgebra of F
p(G,C0(G), α)
is the standard norm of Mp|S|. To check this, it will be enough to show that if
ρ : ℓ1(G,C0(G), α)→ B(L
p(X,µ))
is a nondegenerate contractive representation on a σ-finite measure space (X,µ),
then the restriction
ρ|MS : MS → B(L
p(X,µ))
is spatial in the sense of Definition 7.1 in [Phi12].
Given such a representation ρ : ℓ1(G,C0(G), α) → B(L
p(X,µ)), let π : C0(G)→
B(Lp(X,µ)) be the nondegenerate contractive representation, and let v : G →
Isom(Lp(X,µ)) be the isometric group representation such that (π, v) is the co-
variant representation of (G,C0(G), α) whose integrated form is ρ. For s and t in
S, one has
ρ(as,t) = π(χ{s})vst−1 .
Since χ{s} is a hermitian idempotent in C0(G), it follows that π(χ{s}) is also
hermitian. Use Example 1.1 in [Ber72] to choose a measurable subset F of X such
that π(χ{s}) = χF . Since vst−1 is a bijective isometry, it is spatial. If (X,X, T, g)
is a spatial system for vst−1 (see Definition 6.1 in [Phi12]), then it is easy to check
that (F,X, T, g) is a spatial system for ρ(as,t). This shows that ρ(as,t) is a spatial
partial isometry, and hence ρ|MS is a spatial representation.
Denote by F the upward directed family of all finite subsets S of G. For each S
in F , let ϕS : M
p
|S| → F
p(G,C0(G), α) be the canonical isometric isomorphism that
sends the standard matrix units of M|S| to the set of matrix units {as,t : s, t ∈ S}.
It is clear that there is an isometric homomorphism
ϕ0 :
⋃
S∈F
Mp|S| → F
p(G,C0(G), α)
whose range contains {as,t : s, t ∈ G}. Note that
⋃
S∈F
Mp|S| is a subalgebra of
K(ℓp(G)). Since ϕ0 is isometric, it extends by continuity to an isometric homo-
morphism
ϕ :
⋃
S∈F
Mp|S| → F
p(G,C0(G), α),
which must be surjective since its range is dense. This is the desired isometric
isomorphism.
We will now show that the canonical map
κ : F p(G,C0(G), α)→ F
p
λ (G,C0(G), α)
is an isometric isomorphism. The usual argument for C∗-algebras is that κ is surjec-
tive, and since F 2(G,C0(G), α) ∼= K(ℓ
2(G)) is simple, κ must be an isomorphism.
However, when p 6= 2, we do not know whether κ has closed range. Here is where
incompressibility comes into play.
The full crossed product F p(G,C0(G), α) is p-incompressible by Lemma 4.2, be-
cause it is the direct limit of the p-incompressible Banach algebrasMpS (see Theorem
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7.2 in [Phi12]). Since F pλ (G,C0(G), α) can be isometrically represented on an L
p-
space, it follows that κ must be isometric. Finally, having dense range, κ is an
isometric isomorphism. This finishes the proof. 
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